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1.  Introduction
There is a distinct need in virtual environment applications for the accurate tracking of user
motion.  This need is emphasized for Augmented Reality applications because virtual objects must
be properly registered with respect to real objects in the environment [1]. Within Augmented
Reality (AR), applications themselves can be more or less demanding.  Medical applications, for
example, can require accuracy and resolution to be on the order of a fraction of a millimeter
[2][3].

While system delay, or lag, is a major source of registration error in AR environments [4], a first
requirement for accurate registration (and most generally tracking) is accurate and precise static
measurements of points and objects in the virtual environment. This paper presents static methods
of probe design for optical tracking as a first step towards registration in dynamic environments.
Although dynamic registration is not explicitly treated in this paper, frame rate requirements to
minimize tracker lag are accounted for in the design specification of the probes.  The system lag,
which often limits the overall performance, is not treated in this paper.

To optimize tracking accuracy and resolution in our augmented reality research, we employ
optical tracking technology because contemporary optical tracking systems can typically provide
accuracy and resolution in the sub-millimeter range. Also, optical tracking provides fast, accurate
position and orientation data.  In addition, optical tracking is not subject to electromagnetic
interference or acoustic noise, an important requirement in most applications and especially
important for the high performance systems required in augmented reality.

A common approach to optical measurement of position and orientation relies upon an
arrangement of beacons in the environment [5][6]. These beacons are most commonly activated
sequentially, but could also be activated simultaneously via technology choices.  In either case,
they are observed by a camera or some other optical sensing device. In some configurations, the
positions of the beacons are fixed and the camera or set of cameras moves[7].  Other
configurations have stationary cameras with beacons arranged on a probe and attached to a
mobile target.  The work presented here focuses upon the latter configuration, where probes are
positioned on a moving object whose position and orientation must be determined.

We present a framework for designing probes based on tracking requirements. We first review the
working principles of the tracking system configuration selected and provide specifications of the
Northern Digital OPTOTRAK 3020 tracking system used in the implementation of the work. We
then provide general guidelines for selecting a preferred probe geometry and a method for the
design of spherical probes. Next, we provide a methodology to predict accuracy and resolution in
both position and orientation of a probe given its geometry, number of beacons, and the accuracy
and resolution of a single beacon.  While our specific aim is to design high accuracy and
resolution probes for augmented reality with application to medical visualization [8][9], the
methodology proposed is generally applicable.  Finally, we demonstrate the basic principles by
applying the framework to four probes sensed by the OPTOTRAK.



2. Fixed Camera Tracking Configurations
First, we define a probe as a rigid configuration of LEDs which is attached to a real object to
determine position and orientation. A fixed camera configuration includes a collection of beacons
usually assembled in a probe or set of probes, a controller to activate the beacons (if necessary),
sensing devices, and processing units to provide position and orientation data of probes from the
individual beacon emissions.  A probe is placed on a target object and each beacon emits light
energy the sensing devices are attuned to.  Beacons are typically differentiated from each other
based upon either their activation sequence or their frequency of activation.  If two or more
sensing devices detect at least three beacons on a probe, the orientation and position of the probe,
and therefore the target object, can be determined.

2.1  Implementation: OPTOTRAK 3020
The OPTOTRAK 3020, an off-the-shelf, fixed camera optical tracking system, is used in
validating the proposed probe design framework. Its operation is based upon detecting the
positions of sequentially activated, infrared light-emitting diodes in plastic housings, known as
beacons. When each beacon is activated, three vertically aligned cameras in the OPTOTRAK
position sensor record its position, provided the beacons are within the working volume (26.98
m3) and are visible to the cameras.  Each position is compared to a predefined spatial arrangement
of beacons, called a rigid body.    If the cameras are able to detect three of the beacons on the
rigid body, the position and orientation of the probe may be determined [10].

Similar to other optical tracking devices, the OPTOTRAK has a high update rate without
environment interference. It can provide real-time 3D data at frame rates up to 600 Hz [10].
Also, the OPTOTRAK system is flexible, in that the main body housing the cameras may be
operated in multiple orientations; this allows some relief from the potential occurrence of
occlusion between the beacons and the cameras. Finally, the system is calibrated in-factory and is
robust enough that additional calibration is not usually required.

For all its advantages, however, having the OPTOTRAK only insures the possibility of state-of-
the-art tracking.  The technology was not developed for use in virtual environments and,
therefore, specific probes need to be designed for head tracking and the tracking of human motion
in general.  The framework presented here allows optimization of probe design for specific
tracking requirements given application constraints.

3.  Design Approach
In designing a probe, there are several key factors which will impact the results. These factors
include the field of view (FOV) of tracker and the beacons, the working volume of the tracker,
the permissible frame rate, and the types of user interaction in the virtual environment. For a given
probe we define its geometry to be how the beacons are placed, the distance between the beacons,
and the number of beacons used

First, methods for determining beacon configuration as a function of the types of user interaction
in the virtual environment are discussed. Included in this discussion is the tradeoff between the



number of beacons used and the achievable frame rate. Then, methods of designing a probe given
the tracker FOV are discussed.

3.1  Beacon Configurations
Probes may differ in their intrinsic geometries.  For a given probe geometry, the optimal number
of beacons used must be determined based upon frame rate requirements, cost, and the number of
beacons required by the tracker.  Similarly, a given number of beacons will suggest possible
geometries. The simplest probe design involves one beacon.  However, only position data may be
obtained with one beacon.

A planar configuration is the simplest geometry that can provide position and orientation data.
While three beacons are sufficient to define a plane, additional beacons may be necessary to meet
probe resolution requirements, as demonstrated in section 4. Another consideration for increasing
the number of beacons on a planar probe (in rare cases) is to ensure the sensing devices always
detect three beacons at any time. For some applications where user motion through the
environment is significantly limited, users can be approximately oriented toward the cameras, and
a planar assembly may provide adequate performance.

Applications involving large angular displacements within the working volume require non-planar
probe geometries.  To facilitate the increased range of motion additional beacons must be
provided on non-planar probes.  Placing additional beacons on the probe, however, will lower the
effective frame rate of the tracker.  In a sequential scheme, the relationship between the desired
frame rate and the number of beacons is given by

FrameRate
f
N

a= , (1)

where fa is the frequency at which the beacons are activated and N is the number of beacons.

This design tradeoff between greater range of motion and desired frame rate constrains our
solution to one that offers a high degree of symmetry.  By determining a symmetric distribution of
beacons about the centroid of the probe, we can insure tracking over a large field of regard with a
minimum number of beacons.  A spherical probe geometry will satisfy these requirements.
However, based on the number of beacons required, other geometries may be considered to
shorten the design process considerably.

Non-spherical, symmetric geometries point to five spherical equivalents, known as platonic solids.
These solids are the tetrahedron, octahedron, cube, icosahedron, and dodecahedron, which have
4, 6, 8, 13, and 20 vertices, respectively.  These polygons are spherical equivalents because for
each representation, a sphere can be specified such that all the vertices of the solid satisfy its
equation.  By placing beacons at the vertices of a platonic solid with the correct radial distance,
full orientation tracking is possible with the appropriate placement of a number of sensing devices
in the environment.  In that case, the number of vertices on the solid imposes the number of
beacons.  Therefore, given a number of beacons, the platonic solid with a number of vertices



closest to the number of beacons may be selected for optimal symmetry with no further need for
design.

If a platonic solid cannot be used to meet tracking requirements, a spherical geometry is required.
In this case, the beacons must be distributed equally on a sphere to allow the largest field of
regard with the fewest number of LEDs.   To determine how to uniformly distribute the beacons
on the sphere, we can model beacons on the sphere as atoms in a molecule.  Continuing in this
manner, an algorithm for uniform distribution can be based on minimizing the energy between the
atoms, similar to the way a molecule naturally reaches a minimum energy state.  Therefore, we
treat each beacon on the probe as a charged particle and disperse the particles on a spherical
surface using electromagnetic force laws.   To find the minimum energy state, we use the
Metropolis variation of the simulated annealing optimization approach [11].   A flowchart
detailing this approach and results obtained with the algorithm can be found at the end of the
document.  The construction of a spherical probe using this algorithm is currently in progress and
will be discussed at a later date.

3.2  Relationship of Probe Design to the Tracker FOV
Trackers of the configuration discussed here have a limited working volume, determined in part
by the field of view (FOV) of the sensing devices, in which tracking can be performed. Moreover,
the beacons have a conic emission pattern (referred to as the beacon solid angle) that must fall
within the tracker FOV to be detected.  Therefore, the spacing of the beacons will be constrained
to meet the requirement that three beacons must be detected simultaneously by the sensing
devices.  This requirement will add a constraint to the possible scale of the probe to allow
continuous tracking in orientation.  However, this constraint may yield a decrease in resolution in
orientation as described in section 4.4.  Therefore, beacon spacing yields a tradeoff between
continuous tracking in orientation and achievable resolution.

Another solution to limited tracker FOV is to increase the number of beacons on the probe.
Depending upon the application, though, the loss in achievable frame rate, as described in the
preceding section, may be unacceptable.

4.  Modeling the Accuracy and Resolution of Probes
Given the position of a probe in 3-D space, accuracy in position or orientation is defined as the
error between the known and measured position values averaged over a large number of tracker
samples.  Resolution is defined as the uncertainty in position or orientation of the probe between
tracker samples.  The accuracy and resolution of a probe, regardless of its geometry, depends
upon the accuracy and resolution of a single beacon.  We present a static method for predicting
accuracy and resolution of a probe as a function of its number of beacons and the resolution and
accuracy of a single beacon

The importance of a static model is that it leads to a dynamic model.  By measuring the accuracy
of the probe statically, an estimate of the bias induced by the tracker can be computed.
Additionally, the resolution indicates the amount of noise induced into our measurements due to
the probe geometry.  A dynamic model can only account for one sample and offer a comparison



to later samples; at this point the correction for tracker bias may be applied and see how closely
we can resolve the actual position.

4.1 Modeling the Accuracy and Resolution of Beacons
Each tracker measurement for a beacon’s position is a value from an underlying distribution of
possible values. Thus, we can associate a random variable X with the beacon position. The
normalized distribution of values reported by the tracker is referred to as the probability density
function (PDF) of X.  Accuracy of the beacon can be related to the mean value of X, while a
measure of resolution is the variance X.

An intuitive measure of the mean and variance of X are the sample mean and variances of X,
respectively.  However, for a finite number of samples, those intuitive measures can provide
biased estimates [12].  Unbiased estimates can be obtained from the underlying  PDF instead.

While the PDF of X will often resemble a normal distribution, it may be significantly different,
requiring a separate description.  In this case, a useful way to describe the PDF is the Gram-
Charlier expansion.  The PDF, p(x), is given by
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where po(x) is the closest normal distribution to p(x), obtained by least-squares fitting [12].
Coefficients cn measure the departure from the closest normal distribution and are to be
determined.  The Hn(x) are Hermite polynomials [13].  After fitting the PDF data of one beacon to
this model, p(x) is completely determined and can be used in the computation of the mean and
variance of X.

If we denote the mean, or first moment of the PDF of X, as the expected value of X, or E[X],
E[X] can be estimated from the  PDF as

[ ] ( )E X x p x dx=
−∞

∞

∫ , (3)

The accuracy is then defined as

Accuracy = | E[X] - nominal position | , (4)

where the nominal position is the value of the known location, confirmed independently.
Similarly, if we denote the variance of the random variable X byσ2

X, it is defined as

[ ] [ ]222 XEXEX −=σ , (5)

where E[X2] is the second moment of X given by
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The resolution of a beacon is defined as the standard deviation of the random variable, σX.

4.2  Modeling the Accuracy of a Probe
Because a probe is an assembly of beacons, it can also be modeled as a random variable, Z.  This
relationship between probes an beacons is expressed as

Z Y Xi
i

N

i
i

N

i= =
= −

∑ ∑
1 1

ω , (7)

where N is the number of beacons on the probe, Xi are the random variables associated with each
beacon, and ωi characterizes the distance of each beacon from the probe centroid. In the particular
case where the beacons are equidistant from the probe centroid, the case of symmetrical probes,
ωi equals 1/N .

The accuracy of a probe, defined as the expected value of random variable Z, E[Z], is given by

[ ] [ ]E Z E Xi
i

N

i=
=

∑ω
1

. (8)

For symmetrical probes, E[Z] is given by

Therefore, the accuracy for a probe should be constrained to the accuracy of a single beacon.
Additionaly, this accuracy in position can be expressed in an identical manner to equation 4.

Without loss of generality, the frame of reference of the probe is defined to be oriented identically
to the tracker reference frame.  The origin of the probe reference frame is given by the centroid of
the beacons on the probe.  Modeling the accuracy in orientation of a probe as a function of the
probe geometry, its number of beacons, and the beacon characteristics, is equivalent to finding the
relationship between the two reference frames using measurements of the positions of individual
beacons.  After the probe origin has been translated to the origin of the tracker, the rotation
between the two reference frames is best described by quaternions [14][15].  The unit quaternion
representing the best rotation of the probe has been shown to be the eigenvector associated with
the most positive eigenvalue of a symmetric 4x4 matrix [15].  Horn also shows that the elements
of this matrix can be expressed as the combination of sums of products corresponding of
corresponding positions of the points [15].  Thus, the unit vector describing the orientation of the
probe can be measured.

The measured angle of rotation of the probe can be obtained by taking the dot product of two unit
vectors, one before rotation and the other after rotation of the probe.  The unit vector angle,

[ ] )10(.    tanE
D
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denoted as θ, is a random variable because it is a sample for an underlying distribution of possible
measured angles.  However, the expected value of θ, E[θ ], will be related to the accuracy of a
single beacon.  This relationship is expressed as
where A is the accuracy of a single beacon, determined as described in equation 4, and D is the
distance of the beacon furthest from the probe centroid.  The orientation accuracy of a probe can
then expressed as

Accuracy = | E[θ ] – nominal angle |. (11)

4.3  Modeling the Resolution of a Probe
Given that the random variables associated with the beacon position are independent and
identically distributed (iid), the variance of the random variables is constant.  We can therefore
relate the variance of the random variable associated with the probe to that of the individual
beacons.  This probe variance, referred to as aσ2

Z , is then given by
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For symmetrical probes, σ2
Z is equal to

σ σZ XN
2 21

= . (13)

From equation 12, we see that as the number of beacons on a probe increases, the variance of Z
decreases, and thus the resolution of the probe in position increases. By knowing the beacon
variance, σ2

X , the number of beacons N needed to obtain a desired probe resolution, σz , can be
calculated.  If N, the maximum number of beacons allowable, is imposed by other constraints such
as frame rate requirements and cost, either a tradeoff needs to be made between resolution and
frame rate or new tracking schemes may be considered.

The resolution in orientation, ∆θ, of a probe is determined by the resolution in position of the
beacon on the probe which is furthest away from the centroid.  If D is the distance of this beacon
to the centroid, and σx is its resolution in position, the resolution in orientation is given by

∆θ
σ

= −2 1tan X

D
. (14)

This method of modeling resolution in orientation is an intuitive method, giving an approximation
of the achievable resolution.  A rigorous derivation based on the position of all markers on the
probe is currently under investigation.

5.  Experimental Methodology
For the measurements presented, translation and rotation stages with accuracies of 0.01mm and
0.0625 deg respectively were used.  Each probe was fastened to the assembly of stages, which
was secured on an optical table.  All displacements were made from the origin of the stage
referred to as (x,y,z) equal to (0,0,0).  All measurements were made in the center of the field of
view of the tracker at approximately 4.5m from the sensing cameras. The minimum number of
data samples required for our measurements to have at least 99% probability of correctness for



the inference that the error on the largest estimated accuracy is 0.02 mm, was calculated to be
374.

Theoretical values for accuracy and resolution were based upon results obtained from one beacon,
as explained in section 4.  Our theoretical values for accuracy and resolution in position are the
experimental values obtained with a single beacon.  For accuracy and resolution in orientation,
theoretical values are calculated based upon the beacon position farthest from the probe centroid,
as detailed in equations 10, 11 and 14.

The probes that were used in the experiment were a one beacon probe, a three beacon probe, a six
beacon probe, and a six beacon probe from Northern Digital (referred to as six beacon off-shelf).
Illustrations of the probes are found at the end of this document.

5.1.  Accuracy in Position
Although precision translation and rotation stages were used, the axis of translation could not be
precisely oriented parallel to one of the axes of the OPTOTRAK reference frame without special
purpose measurement instruments.  Therefore, while we indicate position accuracy in x, y, and z,
which refer closely to the tracker reference frame, all measures of accuracy were performed
according to Cartesian distance measurements to insure the highest accuracy of the
measurements.

Each probe was first positioned at the origin of the experimental setup.  Here, 1,000 samples of x,
y, and z position data were acquired.  This data was averaged for each direction and combined to
form a vector indicating the location of the probe as reported by the tracker.  This procedure was
repeated ten times, totaling 10,000 samples.  The ten vectors resulting from the procedure were
stored for later usage.
The probe was then moved 10 mm (the nominal distance) along the selected axis of translation.
At this final location, the previously described procedure was repeated.  Then, the difference
between the position vector at the origin and the position vector at the displacement for each of
the ten vector pairs was computed.  The magnitudes of these vectors were computed, then
averaged to give the overall measured distance of translation.  The accuracy in position was then
computed as the absolute difference between the measured and nominal distance of translation (as
described in equation 4).

5.2 Accuracy in Orientation
The OPTOTRAK reports pitch, yaw, and roll of the probe, referred to as β, α, and γ,
respectively.  These angles are reported with respect to the OPTOTRAK frame of reference. The
required unit vector that represents the probe orientation in the OPTOTRAK reference frame (see
section 4.2) is computed by applying the pitch, yaw, and roll transformations to a unit vector
selected in the OPTOTRAK frame of reference. The transformation matrices are:

ββ
ββ

cossin0

sincos0

001

=Pitch

αα

αα

cos0sin

010

sin0cos

−
=Yaw

100

0cossin

0sincos

γγ
γγ −

=Roll . (14)



Given these transformations, accuracy in orientation was found in a manner similar to the
procedure mentioned earlier for finding accuracy in position.  The only difference between the
procedures was that the displacement was angular as opposed to linear.  The angular displacement
was approximately 6 degrees in all three directions, with 1,000 data samples taken at the origin
and displacement. The accuracy in orientation was then computed as the absolute difference
between the measured and nominal angles of rotation (as described in equation 11).

5.3  Resolution Measurements
The PDF of the random variable associated with a single beacon was estimated using 1,000
samples of position data obtained at the stage origin. The data was then fit to a Gaussian
distribution using the sample mean and standard deviation (see Figure 1 below).  Furthermore,

because the PDF of a single beacon was close to a normal distribution, we concluded that the
PDF for a probe with N beacons converged to a normal distribution, as specified by the Central
Limit Theorem [16].  From the fitted Gaussian PDF, we determined theoretical values for the
resolution of all probes in position and orientation.

To measure resolution in position, we followed a methodology similar to that of our accuracy
measurements.  At the origin, 1,000 samples of x, y, and z data were taken.  In this case, a sample
variance of the data in each of the directions was computed, then averaged to obtain a measure of
variance in each direction.  This process was repeated ten times, with each of the ten average
variances collected and averaged to form an overall variance measure.  Taking the square root of
the overall variance gave our resolution measure.   The same procedure was applied for
determining resolution in orientation, with differences being in the data collected (orientation
instead of position).

A complete listing of our data results, along with plots of all experimental data trends may be
found at the end of this document.
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Gasussian

20.4 20. 20.5 20.5
31.3

15.6

0

15.6

31.3
Residual Plot

Figure 1: Fitted Gaussian for 1,000 data points and
Measure of  Fit (Residual) Plot



6.  Results and Discussion
In the proposed model of accuracy in position (equation 9), the accuracay of a probe is limited by
the accuracy of a single beacon on the probe. Results obtained for the one, three, and six beacon
probes closely follow our theoretical predictions.  However, the six beacon off-shelf probe
deviated from our theoretical predictions in all directions.   In the x and z directions, the accuracy
of the off-shelf probe was better than that of the probes we constructed.  But, in the y direction,
the accuracy of the off-shelf probe was worse.  A closer look at the results reveals that the
accuracy of the off-shelf probe, while not following our predictions, remained essentially the same
for all directions while the accuracy of the probes we built fluctuated.  We attribute this to the
construction of the Northern Digital probe.  The LEDs on the probe are permanently attached and
recessed into the probe, providing an extremely rigid structure.  In addition, this configuration
allows the six beacons to remain as close to co-planar as possible.  These characteristics add to
the overall precision of the probe construction and, therefore, leads to an increasingly precise
performance.

The proposed model for resolution in position states that as the number of beacons increases,
resolution increases (equation 13).  Results obtained with the three beacon and six beacon off-
shelf probe followed this prediction.  Also, as previously indicated, the results from the off-shelf
probe were very precise.  The six beacon probe we constructed, however, did not follow the
prediction indicated by the model.  Again, we think this departure from the model is related to the
placement of LEDs on the probe.  The three beacon probe behaved according to prediction
because its assembly is necessarily planar.  A plane can always be found that contains three points.
However, for more than three points, a plane that contains all the points may not exist.  For this
reason, our six beacon probe did not have a completely planar construction and, therefore, did not
perform according to its prediction.

Orientation accuracy…Still Working

Orientation resolution…Still Working

7.  Conclusions
This report presents a methodology for LED-based optical probe design.  Given the requirements
of an application for user interactions, accuracy, resolution, tracking speed, and working volume,
a probe geometry may be selected and its size and number of beacons calculated to meet
specifications.  Future work will include the construction of a spherical probe with equally
distributed beacons that will satisfy requirements of a specific research application our research
laboratory.  Tradeoffs discussed here and methodologies presented will guide the design of the
probe.  Additionally, an effort to construct a rigid body with the LED positions biased to meet the
co-planar beacon requirement for planar probes will also be investigated.



Figure 2:  Probes used in the experiment (Spherical Probe to be constructed)

Table 1: Summary of accuracy and resolution measurements for position and orientation of one, three, and six
beacon probes
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(arc min)

***
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***
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Figure 4: Experimental Plots (four pages)
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Figure 3: Flowchart of Simulated Annealing Algorithm (two pages)
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